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1. Integers and rational numbers
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Computation with rational numbers — Questions 1/2
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Computation with rational numbers — Questions 2/2
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Computation with rational numbers — Answers 1/3

4><4 3.5 16 3X2_16 6 16—-12 4 2
1075 5°2 50 575 50 25 50 50 25
3 1 2 8 3 2 3 3 1 1
—X-—=4+- = ——=X-==—=-=-=
274 63 8 68 8 8 4
5><4 3.48 5 3><14—5 1 1
478 714 8 7 8 8 8 2
7 2 2 21—10X5_11X5_11
5 3 5 15 2 1572 6
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Computation with rational numbers — Answers 2/3
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Computation with rational numbers — Answers 3/3

3 1 3 4 9 2 9 16 7T 2 7 12 14
——c) 2 -+2) = (-2 )3+t )=z =-x===—
2 3 4 3 6 6 12 1 6 12 6 25 25
3 1 3 2 9 2 9 4 7 13 7 6 7
——c ) z4+3) = (-2 )22+ )=+ =2x ==

2 3 2 3 6 6 6 6 6 6 6 13 13

2_1\, 1 _ (M4 3y 1 _u 1 1 9 3
3 7)) 9  \21 21)°9 219 21 11 7
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GCD computations — example 1

Question
Find the greatest common divisor of the integers

440, 352, 231.

First, compute gcd (440, 352) using the Euclidean algorithm:
440 =1 x 352+ 88, 352 =4 x 88 + 0 = gcd(440, 352) = 88
Next, compute gcd (88, 231) using the Euclidean algorithm:
231 =2 x 88455
88 =1x55+33
95 =1x 33+ 22
33=1x22+11
22=2x1140
— gcd(88, 231) =11
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GCD computations — example 1

Question
Find the greatest common divisor of the integers

440, 352, 231.
Alternatively, we compute the prime factorization of each number:
440 = 2° x 5 x 11

352 = 25 x 11
231 =3 x7x11

The common prime factor among all three numbers is 11. Therefore,

gcd(440, 352, 231) = 11
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GCD computations — example 2

Question
Find the greatest common divisor of the integers

312, 455, 429.
First, use the Euclidean algorithm to find ged(312,455):

455 =1 x 312 + 143
312 =2 x 143+ 26
143 =5 x 26+ 13
26=2x134+0
So, ged(312,455) = 13.

Now find gecd(13,429):
429 =33 x13+0

Thus, ged(312,455,429) = 13.

10/188



GCD computations — example 2

Question
Find the greatest common divisor of the integers

312, 455, 429.

Alternatively, we compute the prime factorizations:

312=23x3x 13
455 =5 x 7 x 13
429 =3 x 11 x 13

The only common prime factor is 13, so:

ged(312,455,429) = 13
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GCD computations — example 3

Question
Find the greatest common divisor of the integers

374, 340, 357.
First, use the Euclidean algorithm to find ged(374, 340):

374 =1x 340+ 34
340 =10 x 3440

So, ged(374, 340) = 34,
Now find ged (34, 357):
357 =10 x 34 + 17

34=2x 1740
Thus, ged(374, 340, 357) = 17.
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GCD computations — example 3

Question
Find the greatest common divisor of the integers

374, 340, 357.
We compute the prime factorizations:

374 =2x 11 x 17
340 = 22 x 5 x 17
357 =3x7x17

The only common prime factor is 17, so:

ged(374, 340, 357) = 17
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GCD computations — example 4

Question
Find the greatest common divisor of the integers

156, 182, 429.
First, use the Euclidean algorithm to find ged (156, 182):

182 =1 x 156 + 26
156 =6 x 26 +0

So, ged (156, 182) = 26.
Now find gcd (26, 429):
429 =16 x 26 + 13

26=2x13+0
Thus, ged(156, 182, 429) = 13,
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GCD computations — example 4

Question
Find the greatest common divisor of the integers

156, 182, 429.

We compute the prime factorizations:

156 = 22 x 3 x 13
182 =2x7x13
429 =3 x 11 x 13

The only common prime factor is 13, so:

ged(156,182,429) = 13
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Smallest factor and GCD — example 1

Question
Find the sum of the greatest common divisor (GCD) and the smallest common prime

factor of the numbers
170, 595, 255.

We begin with the prime factorizations:

170 =2 x5 x 17
0950 =05 X 7 x 17
250 =3 x5 x 17

The common prime factors are 5, 17. So, the greatest common divisor is:
ged(170,595,255) = 5 x 17 = 85
The smallest positive common prime factor is 5. Thus, the sum is:

85+ 5 =90
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Smallest factor and GCD — example 2

Question
Find the sum of the greatest common divisor (GCD) and the smallest common prime

factor of the numbers
170, 595, 340.

We begin with the prime factorizations:
170 =2 x5 x 17
595 =5 x 7 x 17
340 = 22 x 5 x 17
The common prime factors are 5, 17. So, the greatest common divisor is:
ged(170,595,340) =5 x 17 =85
The smallest common prime factor is 5. Thus, the sum is:

85+ 5 =90
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2. Expression simplification
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Expression simplification — example 1

Question
Simplify
a®> a )
2 b . a
- | + = here a £ 0,b # 0,a # b
2 2 2’ w ) )
a“+b _q b
ab
a®> a a®? —ab ala —b)
P2 b |.? S R N R B
a? + b? Ly v a? + b% — 2ab a2 | (a—0)? a?
ab ab a

a? b2 b

ba—b) @ a—b
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Expression simplification — example 2

Question
Simplify
a—>b\ | b(a —b)
<b+1+ab>7<1— 1+ab>’ where 1+ ab # 0
a—b b(a —b) b+ab®>+a—b 1+ab
b+ =(1- = X
1+ab 1+ ab 1+ab 1+ ab— ab + b2
a(1+ b?)

1+0?

20/188



Expression simplification — example 3

Question
Evaluate
2 1
T
5+ 3V3
3 o 3(5+3v3) L 15+9v3—-6-3v3  9+6V3 _ 3
1 6+ 3v3 6+ 3v3 C6+3V3

_‘_7
54 3v3
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Expression simplification — example 4

Question
Simplify
1 1 — 22
— 1)+ (z— x +1), wherexz#1, z#0
1—=x 1—=x
1 ) - x—1_2$2+1 _ 1—1+x+x—x2—1—|—2$2—|—1—x
1—=x 1—=x 1—=2 1—=x
T 1—=x 1

1—2x 22 x
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Expression simplification — example 5

Question
Simplify
=il

=i -1 =1
r -ty r =y
1 - wherex#y,x;&—y,x#o,y#o

oLyl g lpgy D
4yl 7x—1_y—1 (@ =2 =2 o ly ) (o2 oy - 2y
el _y 1 gl gyl 2 _y2

4=yt dzy
T2 _y2 = y2 — a2
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Expression simplification — example 6

Question
Simplify
1
2 41 1
i -11_ — — , Wwherez >0, z#1
r+zz+1 x2-—-1
241 1 241
x?2 xT2 1 1
- + — = : X(z2 —=1)(z+z2+1)=2-1
r+x2+1 z2 -1 r+x2+1
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Expression simplification — example 7

Question
Evaluate
V6
V24 — 6 — V12
Y6 B Vi VB BB +23)
V24-V6-V12 26 -V6-2v3 V6-2V3 (V6 —2V3)(V6+2V3)

B 6+6ﬂ__1_\@
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Question
Evaluate

1
V2

Expression simplification — example 8

— 1+

V3(1 - V3)

(1+v2)(1-v2)
—1—\/5(1—\@)>2=<1 —1—\/§+2>2:<

V2

2 2
_ 1 \@(1—\/5)
> _<ﬁ_1+1—2>

1
41—

V2
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Expression simplification — example 9

Question
Simplify

2 — )3
<x+y_2> +(a: )3/2) where z,y #0, x #£ y

ey N @y (@=L @) @-yt @y)?
(.y*x 2) " (ay)? ( zy )X@c—y)s (@p? @-yp Y
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Expression simplification — example 10

Question
Evaluate 1
1
4+4+/3
1 1 1 1 3
P +1 = PR — —|—1:71 T +1——f/

(14+3)(2 - V3) C-1+V3
(2+\/§)(2_\/§)+1_71 +1=+3
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Expression simplification — example 11

Question
Simplify

y, where x #£ 2y, © # —2y
Yy

5V 3ty _ (2297 (x+2y)°
Sty 5§y (z +2y)(z — 2y)
(2 —dwy + 4y?) — (2 + day + 4y?)
N x2 — 4y?
8zy

x? — 4y?
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Expression simplification — example 12

Question
Simplify
2 _ 2
— 1
roy _ 2+ + ,  Wwhere z # vy, x # —y.
T—y x2-9y2 z-—y
2 _ .2
e —y T+y 1 _ z+y 1
oy @ tzoy - TNty
r+y 1
= (z+y) — +
@—-y)z+y) z-y
1 1
= (z4+y) - +
r—y Ty
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Expression simplification — example 13

Question
Simplify
$2——y2 T —y
- Tty wherex#y, x#_yv xy%O
T —y y _ aty
sty Ty
z? —y? -y x—y (z =y +y)
T —y T r—y _aty Ty - (x—y)2—(z4y)? =Tty - —4xy
Tty -y (z+y)(z—vy)
_ ey t+y) + (@ -y (e +y)
4xy

(z+y)(a®+y° +22y)  (z+y)°

dzy dzy
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Expression simplification — example 14

Question
Simplify
2 _ .2
Tt —y rT+y
Tty +1_£f2’ where x £y, x # —y, y # 0.

2 2
T —y z+ty z+y T4y
r+y 11—y ($_y)+L@+y)_($_y)+ =2y
=y T—y =y
_ y_($+y)(:v*y):2y($*y)*(x+y)(x*y)
2y 2y

(z-y)Ryu-—z—y)  (z—y)?
2y 2y
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Expression simplification — example 15

Question
Simplify
x? —y2 r+y
z+y 1+ =1

where x £y, x # —y, zy # 0

-y xty (og)— ETY Y
z+y 1+% Y % Yy %
_ oy Aoy 2e@—y) - @ty -y
2x 2x

(z—y)Rr—z—-y) (z—y)?

2x 2z
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Expression simplification — example 16

Question
Evaluate

logi0o 10 cos(30°)
15 V16— 1
log; oo 10 cos(30°) 3 @
1 - 1
10 V16 — 1 0 V-
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Expression simplification — example 17

Question

Evaluate
(1 + sin(30°))2

(3 —log;n100) ' —1

(1 + sin(30°))2 B (1+3)?
(3 —1ogp100) " —1 (3-2)7" -1
(3)° i
IO RETEEE
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Expression simplification — example 18

Question

Evaluate
(1 + sin(30°))2

(3 —1log;n100) 2 —1

(1 + sin(30°))2 B (1+3)?
(3 —1log;n100) 7 —1 (3-2)7"-1
(3)° i3
ORI
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Expression simplification — example 19

Question
Evaluate
loggo 10 " cos(60°)
1
10 vVvV25—1
1 o 1 1
08100 10 " cos(60°) 3 " 3
1 - 1
10 V25 —1 10 5—1
1
5 1 5
= Fx -2 =Hx-=-—
X Wi X 1= 1
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Expression simplification — example 20

Question

Evaluate
(cos(60°) + sin(30°))?

(3 —logy100) 2 — 1

(cos(60°) + sin(30°))% (%—i—%f 12
Gyt @ A
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3. Polynomial factorization
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Polynomial factorization examples 1 — 3

9p*(a—b) —16¢*(a—b) = (9" —16¢%)(a —b)
= (3p° —4q)(3p° + 4q)(a — b)

m?—n?—p*+2np = m?®— (n®+p*—2np)

= m?—(n—p)®=(m+n—p)(m—n+p)

(a—b)axt + (b—a)z® = (a—0b)(z' —2%) = (a —b)z*(2* - 1)
= (a—b)z*(x—1)(z+1)
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Polynomial factorization examples 4 — 6

9(2a — z)? — 4(3a — x)*

a’y — aby + a®y — ab®y

ab — a* + 24> + 24°

(3(2a — 2))* = (2(3a — 2))°
(6a — 3z + 6a — 2z)(6a — 3x — 6a + 2x)
(12a — 5x)(—x)

ay(la —b+a®> —b*) =ay(a—b+ (a —b)(a+b))
ay(a —b)(1+a+b)

a?(a* —a® +2a +2) = a*(a*(a®> — 1) + 2(a + 1))
a*(a*(a+1)(a—1) +2(a+1))
a®(a+1)(a® — a® +2)
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Polynomial factorization examples 7 — 9

2a° + 6a* +6a° +2a> = 2a*(a®+3a® +3a+1)
= 2d%(a+1)3
m’+md—m? -1 = m*(m®—-1)+(m>-1)

= mP—=1)m*+1)=m—-1D)m*+m+1)(m*+1)

2t — 2P+ —2 = (1 -2 20 - 1) =2(1 —2%) +2(2® - 1)(2? + 1)
= (z+1)(z—1)(—z+22%+2)
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Polynomial factorization examples 10 — 12

(4p+39)? —16(p—q)* = ((4p+3q) —4(p —))((4dp+3q) +4(p — q))
= (4p+3q —4p+4q)(4p + 3q + 4p — 4q)
= Tq9(8p—q)
9p°(a—b) — 25¢°(a—b) = (a—0b)(9° —25¢*) = (a — b)(3p — 5¢)(3p + 5q)

25¢°(a—b) — p*(a—b) = (a—0b)(25¢° — Wp*) = (a — b)(5¢ — 3p)(5q + 3p)
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Polynomial factorization — example 13 — 1/2

Question

Factor the polynomial:
et — 223 + 22 + 22— 2

222?20+ 1) +2x - 1) =2z —-1)*+2x—1) = (z — 1)(z® —2° +2)

To factor further, we try to find a root of 23 — 22 4+ 2. For this, recall the Rational
Root Theorem.
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Rational Root Theorem

Statement
Let
f(z) = apnz™ + ap_12" 1 4+ + a1z + ag
be a polynomial with integer coefficients. If 2 (in simplest form) is a rational root of
f(z) =0, then: !
® pis a factor of the constant term ay,

® ¢ is a factor of the leading coefficient a,.

Implication

All possible rational roots of f(x) are of the form

g, where p | ap and ¢ | ay,
q
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Polynomial factorization — example 13 — 2/2

To factor 23 — 22 + 2, we apply the Rational Root Theorem. The possible rational
roots are +1, +2. Substituting, we find that:

xr = —1 s a root.

We divide by = + 1 using polynomial division:

22 —2x+2

x—i—l) [ —e + 2
a3 2
— 212

222 + 2x

2x + 2

—2x—2

0

Finally
et =23 4 a2 422 —2=(z— 1)(z+1)(2? — 20+ 2)
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Polynomial factorization — example 14 — 1/2

Question

Factor the polynomial:
et -3t —2

According to the Rational Root Theorem, we test the possible rational roots: £1, £2.

Both = 1 and & = —1 are roots of the polynomial, so (z — 1)(z +1) =22 — 1 is a
factor.
We proceed with polynomial division to factor out 22 — 1:
22—z 42
x2—1) ot -3+t a2
—at + x?
— 22+ 222 2
23 —x
222 -2
-2z 42
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Polynomial factorization — example 14 — 2/2

Question

Factor the polynomial:

:Jc4—x3—|—ac2+:v—2

2 —x+2
2?2 —1) z*—2% 422 +2-2
-zt + 22
— 3+ 222 4+
3 —x
222 -2
— 222 +2
0

Hence, the complete factorization is:

et =Bt —2=(z+1)(z—-1)(z* -2 +2)
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Polynomial factorization —example 15

Question
Factor the polynomial:
R A N )

Same as in the previous example, we find that (z — 1)(x + 1) = 2% — 1 is a factor. We
divide the polynomial by z? — 1:

24 r+2
1:2—1) 4 ad 2?2
— + 22

3+ 222 — 2
— 3 +x

222 -2

—222 42

0

— a3+’ —2=(z+1)(z—-1)(2® +2+2)
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4. Solving rational equations
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Solving rational equations — example 1

Question
Solve
a0 — T = 10 4= B — A i
23 —x2 —4x+4
2 +r—12
x3—x2—4x—i—4) x® — 1723 4+ 1222 + 522 — 48

— 2Pt 4403 — 422
xt — 1323 + 822 4 52z
-zt a3 4422 —4da
— 1223 4 1222 4 48z — 48
1223 — 1222 — 48z + 48
0
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Solving rational equations — example 1

Question
Solve
2® — 172% + 122 + 52z — 48 _q
3 —x2 —4xr+4 o
5 1723 + 1222 + 522 — 4
x Tx® +122° + 52z 8:3:2—1—3:—12

3 —x2 —dx+14

P 4+r—-12=0=z=—4, 3
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Solving rational equations — example 2

Question
Solve
x® — 1723 + 1222 + 522 — 48 i
3 — 622+ 11z —6
2 +6x +8
2® — 62 + 11z — 6)  2° — 1723 + 122? + 52z — 48

— 2%+ 624 — 112° + 622
6% — 2823 4 1822 + 52z
— 6x* + 3623 — 6622 + 362

8x3 — 4822 + 88x — 48
— 823 + 4822 — 88x + 48

0
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Solving rational equations — example 2

Question
Solve
a® —172° +122% + 520 — 48 .
23 — 622+ 11z — 6 N
25 — 1723 + 1222 + 52x — 48
=z°4+6x+8

23 — 622+ 11z — 6

2?46 +8=0=x=—4, -2
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Solving rational equations — example 3

Question
Solve
x® — 1723 + 1222 + 522 — 48 i
3 — 222 — 52 +6
22 +2¢ —8
2* — 222 =5z +6) P — 1723 + 1227 + 52z — 48

—z® + 22 4523 — 622
2z — 1223 + 622 + 52z
—2z% 4423 + 1022 — 122

— 823 4+ 1622 + 40x — 48
823 — 1622 — 40z + 48

0
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Solving rational equations — example 3

Question
Solve
ﬁ—1m3+mﬁ+5m—48_0
3 — 222 —b5x +6 N
5 1723 + 1222 + 522 — 4
x Tx® +122° + 52z 8:3:2—1—23:—8

23 —222 -5 46

2420 —8=0=z=—4, 2
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Solving rational equations — example 4

Question
Solve
x® — 1723 + 1222 + 522 — 48 i
3+ 22 —10x + 8
22 —z —6
a® +a? - 10z +8) a° — 1723 4 1227 + 52z — 48

— 2% — 2t +102% — 822
—at — T3 442?452z
zt 23— 1022 + 8z
— 62% — 62% + 60z — 48
623 + 622 — 60z + 48
0
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Solving rational equations — example 4

Question
Solve
ﬁ—1m3+mﬁ+5m—48_0
3 + 22 — 10z + 8 N
2® — 1723 + 1222 + 52z — 48
=z —x—6

3+ 22 —10x + 8

-z -6=0=1=3, —2
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Solving rational equations — example 5

Question
Solve
x® — 1723 + 1222 + 522 — 48 i
z3 +5x2 + 2z — 8
x> —b5x +6
2%+ 522 + 2z —8) b —172% + 122? + 52z — 48

— 2% — 5t — 223 4+ 812
— 524 — 1923 + 2022 + 52z
5% + 2523 + 1022 — 40z

623 + 3022 + 122 — 48
— 623 — 3022 — 122 + 48

0
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Solving rational equations — example 5

Question
Solve
2® — 172% + 122 + 52z — 48 _q
23+ 5224+ 22 — 8 -
5 1723 4+ 1222 + 52z — 48
x A ek =22 —52+6

23+ 522422 -8

22 —5r+6=0=12=23, 2
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Solving rational equations — example 6

Question
Solve

2a° — 3z* — 282 + 632 — 100 — 24 0
3 —6x2+11x — 6 -
2r2 4+ 9 +4
2® — 622 + 11z — 6)  2z° — 3z* — 282% 4 6327 — 10z — 24
— 225 4+ 1224 — 2243 + 1222
9z* — 5023 + 7522 — 10z
— 9% 4+ 5423 — 9922 + b4z
dg? — 24x% 4+ 442 — 24
— 4a3 + 2422 — 44z + 24
0
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Solving rational equations — example 6

Question
Solve
20° —3a% —282° 4 632% — 102 =24 _
3 —622+ 11z —6 -
2x° — 3z% — 2823 + 6322 — 102 — 24
T v7 b < =922+ 9z 4 4

23 — 622+ 11z — 6

1
202 +9r +4=0= 2 = —4, —5
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Solving rational equations — example 7

Question

Solve
2a° — 3z* — 282 + 632 — 100 — 24

=0
3 — 2 — 14z + 24

202 —x —1
a? —a? — 14z +24) 225 — 32* — 2823 4 6327 — 10z — 24
— 22° + 22 4 2823 — 4822
—zt + 1522 — 10z
xt — 23— 1422 + 24
—23 4224 14— 24
3 — 2 —1dr+24
0
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Solving rational equations — example 7

Question
Solve
20° — 3% — 2827 4 632% — 102 =24 _
z3 — 22 — 14z + 24 B
225 — 3zt — 2823 + 6322 — 102 — 24 9
=2z —x—1

3 — 2 —1dx +24

1
%9—x—1:0:$x:1,—§

64/188



Solving rational equations — example 8

Question
Solve

2a° — 3z* — 282 + 632 — 100 — 24

0
3+ 22 —10x + 8

2t —b5r —3

2? + 2% — 10z +8) 22° — 3z* — 2823 4 6327 — 10z — 24
— 225 — 224 + 2023 — 1622
—brt — Qa3 + 4722 — 102
524 + 523 — 5022 + 40z
— 323 — 322430z —24
323 + 322 — 30z + 24

0
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Solving rational equations — example 8

Question
Solve
20° — 3% —282° 4 632% — 100 =24 _
z3 + 22 — 10z + 8 -
22° — 3z — 282° + 632% — 100 — 24 _ 0s? _5p 3

3+ 22 —10x + 8

1
202 — 5 —3=0=—z =3, -5
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Solving rational equations — example 9

Question

Solve
2a° — 3z* — 282 + 632 — 100 — 24

0
2¢3 —5x2 + x4+ 2
x2 +x—12
20 —52? + x4+ 2) 22° — 3z — 2823 4 6327 — 102 — 24
—22° + 524 — 23 — 222
224 — 2923 + 6122 — 10z
—2x% 4523 —22 — 2

— 2423 + 6022 — 122 — 24
2423 — 6022 + 12z + 24

0
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Solving rational equations — example 9

Question
Solve
2¢° — 3z* — 28¢° + 632% — 10z — 24 .
223 — 5x? + x + 2 B
2a° — 3a* — 2823 2 — 10z — 24
x° — 3w 8z° + 63x Oz e 12

203 —5x2 + . +2

P 4+r—-12=0=z=—4, 3

68/188



Solving rational equations — example 10

Question
Solve
20° — 32! — 442° + 1032 — 182 —40 _
2¢3 —5x2 + x4+ 2
2 +1x—20
20° —5x? + 1 +2) 22° — 32t — 442 + 10327 — 18z — 40
— 2 + 52t — 3 — 222
224 — 4523 + 10122 — 18z
—2z% 4523 —z2 — 2

— 4023 + 10022 — 20z — 40
40z% — 10022 + 20z + 40

0
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Solving rational equations — example 10

Question
Solve
2¢° — 3z* — 4423 + 1032% — 182 — 40 7
223 — bz + 2 + 2 B
275 — 3zt — 4423 + 10322 — 18z — 40
=z"4+x—20

203 —5x2 + . +2

P +2r-200=0=2=-5, 4
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Solving rational equations — example 11

Question
Solve
T — T — WG 4 Gl = Tldby — 24 0
223 — 52+ + 2
2 —r—12
20 —52? + x4+ 2) 22 — Tz — 182% 4 612% — 140 — 24

—22° + 524 — 23 — 222
— 2% — 1923 + 5922 — 142
224 —b5x3 4+ 2?2 + 92
— 2423 + 6022 — 122 — 24
2423 — 6022 + 12z + 24

0
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Solving rational equations — example 11

Question
Solve
2% — 7o' — 182° + 612 — 142 — 24 .
223 — 5x? + x + 2 B
205 — 7ot — 1823 + 6122 — 140 — 24
=z —z—12

203 —5x2 + . +2

P —r—12=0=2=-3, 4
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Solving rational equations — example 12

Question
Solve

z® — 2t — 1923 + 252 + 662 — 72 i
z3 — 13z + 12 B

2 —z —6

a? — 13z +12)  2° — 2 — 192° + 2522 4 662 — 72
—z° + 1323 — 1222

—z* — 623+ 1322 + 662

x4 — 1322 + 122
— 623 + 78x — 72
62> — T8x + 72

0
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Solving rational equations — example 12

Question
Solve
2 — ax* — 1923 + 2522 + 662 — 72 —0
x3 — 13z + 12 B
2° — 2 — 1923 4+ 252% + 662 — 72,
=z°—x—6

3 — 13z + 12

- -6=0=1=-2,3
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Solving rational equations — example 13

Question
Solve
2¢° — 3z* —162° +330° — 4o — 12 0
223 — 52+ + 2
2 4z —6
20° —5x? +x+2) 22° — 32t — 162° + 332% — 4z — 12
— 2% + 524 — % — 222
204 — 172 + 3122 — 4z
—2z% 4523 —a22—2r

— 1223 4+ 3022 — 62 — 12
1223 — 3022 + 62 + 12
0
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Solving rational equations — example 13

Question
Solve
2z5-3z4-16x34-33x2-4x-12__0
223 — 5x? + x + 2 -
225 — 321 — 1623 + 3322 — 4z — 12
=z"+x—6

203 — 52 +x + 2

4 -6=0=1=-3, 2
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Solving rational equations — example 14

Question
Solve
215 + % — 2223 + 2522 + 20 — 8 _0
223 — 522 + 1 + 2
22+ 3z —4
20 =52 +x+2) 22° + a2t —220° + 2527 + 20 -8
— 225 + 5zt — 23 — 222

6xt — 2323 + 2322 + 2z
—62% +152° — 322 — 62
— 823 + 2022 — 42 — 8
83 — 2022 + 4z + 8
0
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Solving rational equations — example 14

Question
Solve
2x5+$4—22x3+25x2+2a;—8_0
223 — 52+ +2 -
2x° 4 2% — 2223 + 2522 + 22 — 8
x>+ x° + 2027 + 2% 234

203 —5x2 + . +2

2?43 —-4=0=0=-4,1
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Solving rational equations — example 15

Question
Solve
245 + 72 — 1123 — 3722 4+ 21z + 18 g
223 — 52+ + 2
2 +6x +9
20 — 52 + 1 +2) 22° + 7zt — 112 — 3727 + 21z + 18

— 2% 4524 — g3 — 222
1224 — 1223 — 3922 + 21z
—122% + 3023 — 622 — 12z

1823 — 4522 + 9z + 18
— 1823 + 4522 —9x — 18

0
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Solving rational equations — example 15

Question
Solve
mﬁ+z&-1mﬁ—3h¥+mw+18_o
223 — 52+ +2 -
2x° 4+ 7zt — 112% — 3722 + 212 + 18
x° +Tx T z*+ 21z + — 2?4 6249

203 —bx?2 + 1+ 2

22 4+624+9=0=—2=-3
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Solving rational equations — example 16

Question

Solve
22° — 155" 4+ 382° — 3322 — 4z +12

223 — 52+ + 2

0

x> —br +6
20% — 522 + v+ 2) 225 — 152t + 3823 — 3322 — 4z + 12
— 2% 4524 — g3 — 222
—10z* + 3723 — 3522 —4x
10z* — 2523 + 522 4 10z
1223 — 3022 + 6z + 12
— 1223 4+ 3022 — 62 — 12
0
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Solving rational equations — example 16

Question
Solve
2x5—15x4+38x3—33:c2—4:c+12_O
223 — 52+ +2 -
2x% — 15z* + 3823 — 3322 — 42 + 12
x ™ + 382 x T+ 2 Br 46

203 —5x2 + . +2

22 —5r+6=0=12=2, 3
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5. Real roots and solution intervals

83/188



Real roots and solution intervals — example 1

Question
Solve ;
2 — X
_r—_3=
[ o
2 2—x 2
Tt —x—3= =2 —x—2=0, x#2
T —2
We have

r=-1
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Real roots and solution intervals — example 2

Question

Solve
r—1

zt—322+3=
x—1

x€r —

1
zt — 322 +3 = 1:>x4—3x2+2:0, r#1

Let y = 22, we get
Y -3y+2=0=y=12=1==21,£V2

We have
r=+V2, -1
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Real roots and solution intervals — example 3

Question
Find the set of all real numbers that satisfy the following inequality

2:L’2+:1:—|—2§7—2:E

22+ +2<T7T—20 =222 +32x—-5<0

2ﬁ+3x—5:0:$x:—gJ

Since the leading coefficient of the quadratic function f(z) = 222 + 3z — 5 is positive,
the graph of f is concave upward. Therefore, the solution set to the inequality
corresponds to the values of = for which the quadratic expression lies on or below the

x-axis
[ 57 1]
2
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Real roots and solution intervals — example 4

Question

Find the set of all real numbers that satisfy the following inequality

x4—3x2+72x2—1

x4—3x2+72x2—1:>m4—4x2+820

Note that
gt —4a? 8= (22 -2)2+4>4

Thus all z € R satisfies the inequality
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Real roots and solution intervals — example 5

Question

Find the set of all real numbers that satisfy the following inequality

2+ 722 -8<0

Let y = x2,
YTy —-8=0=y=-8,1

Y +Ty—-8<0= -8<y<l1

Since y = 22 > 0, we get

472 -8<0=2’<1= -1<z<1
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Real roots and solution intervals — example 6

Question

Find the set of all real numbers that satisfy the following inequality
4—x

r—4

22 —3x-5<

4 —
$2—3$—5§%:x2—3x—4§0, x#4

??—3z—-4=0=2=-1,4

Since the leading coefficient of the quadratic function is positive, the graph is concave
upward. The solution set is given by

[_174)
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Real roots and solution intervals — example 7

Question
Find the set of all real numbers that satisfy the following inequality

r 3 <1
z—2 z+17
We have x # —1,2 and
_ 2 _ — 72
z(z+1) 3 -2) 1<0— " +z—-3zx+6—1 x+2x+2§0
(x—=2)(x+1) (z—-2)(z+1) (x —2)(x +1)
. 88— <0
(x—2)(x+1) —

Thusz <8, (x —2)(x+1) <0orz>8,(xr—2)(xr+1) >0, which implies
r<8zr<2z>—-1,orx<8ax>2,x<—1, orx>8

Consequently, z € (—1,2) U [8, 00)
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Real roots and solution intervals — example 8

Question
Find the set of all real numbers that satisfy the following inequality

V2zr—1<zx-—2

1
We have z > 3 and

23:—1§x2+4—41‘:>x2—6x+5202>x250rx§1

Thus, £ > 5
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Real roots and solution intervals — example 9

Question

The quadratic equation
> =92 +q¢=0

has one root —42. Find the second root and the value of g.
Let 1 = —42 and x5 be the two roots of the equation. By Vieta's formulas
r1+r2=9, T1T2=q=

29 =9— (—42) =51, q=(—42) x 51 = —2142
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Real roots and solution intervals — example 10

Question

Find the set of all real numbers that satisfy the following equation
2—x

z—2

2? —3r+1=
We begin by identifying the domain: the denominator z — 2 #£ 0, so = # 2.
P —3r4+l=—-1=2=1,2

In conclusion x =1
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Real roots and solution intervals — example 11

Question
Solve
et -3 +1= a:—l’
11—z
where z € R
Note that v
=—-1 forx#1
11—z
Let y = 2

=3l +1=-1= 1> -3y +2=0=y=1, 2=z =+1, +V/2

In conclusion
r=—-1, +V2
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Real roots and solution intervals — example 12

Question

Solve

where z € R
First note that = # 2

In conclusion, z =1

?—3z+1 1
z—2  2—-z’

P?—3r+l=—-1=2z=1, 2
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Real roots and solution intervals — example 13

Question

Solve
a2t — 422+ 3 B

1
2 -1 ’

where z € R.

First note that = # +1. Let y = 22

Y —dyt+3=y-l=y=14=2=142
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Real roots and solution intervals — example 14

Question

Solve
zt =82 -9<0,

where z € R.

Let y = 22

-8y —9<0=—= -1<y<9=—0<y<9— —3<2<3
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Real roots and solution intervals — example 15

Question
Solve A
9 z
—3z-5=
x x o
where z € R.

First, note that the equation is undefined for z =4
?-3r—-5=—-1=—=2=-1,4

Thus
r=-1
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Real roots and solution intervals — example 16

Question
Solve
4 2 -z
— 522 4+3=
T x° + — o
where z € R.

First note that = # 2. Let y = 22

In conclusion
r=-2, 1
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Real roots and solution intervals — example 18

Question

Solve
st 4322 —4< 2?1,

where z € R.

Let y = 22

P43y —4<y-1= -3<y<l=0<y<l=-1<z<1
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Real roots and solution intervals — example 19

Question
Solve
ot 4+ 322 —4 < 2% — 5,
where z € R.
Let y = 22
P +3y—4<y—-5=y=—1

Since y > 0, the inequality has no solution.
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6. Integer solutions
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Integer solutions — example 1

Question
Find all integers that satisfy the following inequality:

622 —Tr+4<3

6202 —Tx +4<3=62>2-Tx+1<0
1
6x2—7x+1:O:>x:6,1

Since the leading coefficient of the quadratic function is positive, the graph is concave
upward. Therefore, the solution set to the inequality corresponds to the values of x for
which the quadratic expression lies on or below the z-axis

The only integer solution is 1
103 /188



Integer solutions — example 2

Question
Find all integers that satisfy the following inequality:

2x2—|—x—6§x2

202+ —-6<2’ = 2>+2-6<0
P?4+r—-6=0=1=-3,2

We have x € [—3,2] and hence

z=-3, -2, —1,0, 1, 2
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Integer solutions — example 3

Question
Find all prime numbers that satisfy the following inequality:

7x—1+625x_5+3x

Tr—1 543
X 16> 52— + Sz

= 14 —2+36—-30x+154+92 >0 =

—Tx+49>0= 2 <7

We have
r=2,3,957
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Integer solutions — example 4

Question
Find all integers that satisfy the following inequality:

3 — 2z
> 2
r—T7 —
3—2 3—2x—2 14 17 -4
Tso— i N W N *
T —17 xr—7 T —

We have
17 17
xgz,x>7, orxzz,x<7

Consequently
r=2>5,6

>0,x#7
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Integer solutions — example 5

Question
Find all integers that satisfy the following inequality:
3—2x - 3z +1

—1<
r—1 1—=x

3 - 3 1 3—x— 1+3 1 5
x_lg T+ N r—x+1+3z+ go,x¢1:>ﬁgo,x;é1
r—1 1—=x r—1 r—1
We have

r>-br<l,orx<-5,xz>1

Consequently
z=-5 —4, -3, -2, —1, 0
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Integer solutions — example 6

Question
Find all integers that satisfy the following inequality:

3z +1

_1>09
20 + 1

3241 St l-% —1—dz—2  —3z-—2 9 1

-1>2= = <0= —=-< —=

w1~ 27 + 1 w1 = 3=T< 73

There are no integers in this interval
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Integer solutions — example 7

Question
Find all positive integers that satisfy the following inequality:

4x+19<4m717
T +5 z—3

dr 419 _dr—17 (4o +19)(x ~3) - (4z —17)(z +5)

<
x+5 x—3 (x +5)(x —3)
— < —Tor —H<x<3

Thus
r=1, 2

<0=

4x + 28

(z +5)(z—3)

109/188



Integer solutions — example 8

Question
Find all integers that satisfy the following inequality:

:c2—5ac§12—a:2
x2—5x—12+x2§0:>2x2—5:v—12§02>—g§x§4

Thus
r=-1,0,1, 2, 3, 4
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Integer solutions — example 9

Question
Find all integers that satisfy the following inequality:

2x2+w—24§—$

22 +2r —24<0=—= —4<2x<3

Thus
r=-4, -3, -2, -1, 0,1, 2, 3
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Integer solutions — example 10

Question
Find all integers that satisfy the following inequality:

22—z +5>-1

22— 46>0=— —3<2<2

Thus
r=-3, =2, -1, 0, 1, 2
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Integer solutions — example 11

Question
Find all positive integers that satisfy the following inequality:

—x+5>2x—3

—3rx+8>0=—=2z<

wl oo

Thus
r=1, 2

113188



Integer solutions — example 12

Question
Find all positive integers that satisfy the following inequality:

—x+6>2—3

—2x+9>0= 2z <

| o

Thus
r=1, 2 3,4
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Integer solutions — example 13

Question
Find all positive integers that satisfy the following inequality:

—rx+6>x—14

2r+20>20= 2 <10

Thus
rx=1,2 3,4, 5, 6,7 8 9,10
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Integer solutions — example 14

Question
Find all integers that satisfy the following inequality:

Sx—i—l_lZl
2¢+1
3r+1—(2x+1) x
2z +1 - 20+ 1 —
If 2 +1 >0, .
1‘22$+1:>1’§—1:>—§<IL‘§—1
If 2 +1 <0,

r<2rxr+1=a>-1

In conclusion 1
—1§x§—§:>x:—1
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Integer solutions — example 15

Question
Find all positive integers that satisfy the following inequality:

3:132—5:13§332—2

1
2x2—5x+2§02>§§$§2

r=1,2
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Integer solutions — example 16

Question
Find all integers that satisfy the following inequality:

522 —6r +4<3

1
5x2—6x+1§02>5§x§1

Thus
r=1
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Integer solutions — example 17

Question
Find all integers that satisfy the following inequality:

et — 322 +5<22%+1,

Let y = x2
-3y +5<y+l=1l<y<d=zc(-2,-1)U(L,2)

The inequality does not have any integer solutions.
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Integer solutions — example 18

Question
Find all integers that satisfy the following inequality:

et =322 +5<22? +1,
Let y = 22
¥ -3y+5<2y+1=—=1<y<4d=—zec[-2,-1U[L,2]

Thus
r=-2, -1, 1, 2
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7. Equations and inequalities with absolute values
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Equations and inequalities with absolute values — example 1

Question
Find all integers that satisfy the following inequality:

B4+ 1| —|z—2/ <7

If x> 2,
r+1—-a+2-T7T<0=x<2.
1
|f—§<x<2,
3z+14+2—-2-T<0=—=x<2
Ifacg—l,
3

Br—-14+z2-2-7<0=— 2> -5

In conclusion
—H<r<2=zx=-4, -3, -2, -1, 0, 1

122188



Equations and inequalities with absolute values — example 2

Question
Find all integers that satisfy the following equation:

|z —5|+|2—2z| =3

If x > 5,

r—54+r—2=3—2r=10—2x=5
If 2 <x <5,

S—r4+r—-2=3=3=3=2x=3,4
If x <2,

S—zr+2—r=3=a=2

In conclusion,
r=2,3,4,5
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Equations and inequalities with absolute values — example 3

Question
Find all positive integers that satisfy the following inequality:

4+ 1|+ |z —4] > 7

If z > 4,
r+1l14+x—-—4>7—x>5
If -1 <2 <4,
z+1+4—2x>7—=— no solution
If x < —1,

—x—144d—ax>T—=x< -2

In conclusion,
r>borrx<—-2=—x>5H
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Equations and inequalities with absolute values — example 4

Question
Find the set of all real numbers that satisfy the following inequality:

|22 — 22| <

If 22 > 2z, ie. 2 <0orz>2
?-32<0=0<2<3=2<1<3

If 22 <22, ie. 0<z<?2
r—2’<0=z<0orz>l=1<z<2

In conclusion,
l<x<3
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Equations and inequalities with absolute values — example 5
Question
Find the set of all real numbers that satisfy the following equation:
|4 —2z|+[34+2|=5

f4—2x>0,3+x>0ie —3<x<2

4-2x+3+x=5=—=12=2
f4—22>03+x<0ie z< -3

4—2x—3—x:5:>:r:—§
If > 2

20 —44+3+x=5—=1x=2

In conclusion,
xr=2
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Equations and inequalities with absolute values — example 6

Question
Find the set of all integers that satisfy the following equation:

|z — 22+ 2| =5

Since
22— 2 42=(z—-1%+1>1,

we have
> -2 +2=5=2x=-1, 3
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Equations and inequalities with absolute values — example 7

Question

Find the set of all positive integers that satisfy the following inequality:

If x < -

If ¢ >

>~ w

Thus

|4z — 3|
<4
r—5
3 —4x 23
<4d=—x< —o0rzxr>5H
r—5 8
4y —
v 3<4:>x<5
r—5

r<5=x=1,2, 3, 4
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Equations and inequalities with absolute values — example 8

Question

Find the set of all real numbers that satisfy the following inequality:

If x > 2,

If -3 <2 <2,

If x < =3

Thus

|z + 3| < |z — 2|
r+3<zr—2—73<-2
1
rT+3<2—r =< —=

2

—rx—3<2—r— —-3<2
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Equations and inequalities with absolute values — example 9

Question
Find the set of all real numbers that satisfy the following inequality:

|z —2| <2—|z—3|

If £ <2,
2—x<2—(3—x):>2—33<—1+a::>x>g
If2 <ax <3,
r—2<2—-(3—12)=x—2< —1+x = always true
If x> 3,
x—2<2—(3:—3):>a:—2<5—:c:>a:<g
Thus,

T E §Z
272
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Equations and inequalities with absolute values — example 10

Question
Find the set of all real numbers that satisfy the inequality:

lz —2| <2—|z—1|

If ¢ <1,
2—x<2—(1—m):>2—$<1+$:>3:>%
If1<z<?2,
2—1r<2—(r—1)=2—x<3— 2= always true
If ¢ > 2,
x—2<2—(m—1):>x—2<3—:c:>a:<g
Thus,

c 15
T - =
272
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Equations and inequalities with absolute values — example 11

Question
Find the set of all real numbers that satisfy the inequality:

|t —2| < |z —4] -1

If £ <2,
2—r<(4—2)—1=2—12<3— 2= always true
If 2 <ax <4,
:c—2<4—x—1:>x—2<3—x:>2x<5:>x<g
If x > 4,

r—2<zrz—-4-1=2—-2<2x—-5=— —2< -5 = false

x € —oo§
2

Thus, the solution is:
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Equations and inequalities with absolute values — example 12

Question
Find the set of all real numbers that satisfy the inequality:

e —3| >z —1—1

If x <1,
3—z>(1—2)—1= 3 >0=—> always true
If1<z<3,
3—x>x—1—1:>x<g
If x> 3,

r—3>r—-1-1=2x—-3>2—2=— -3 > —2=—> false

x € —oo§
2

Thus, the solution is:
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Equations and inequalities with absolute values — example 13

Question
Find the set of all real numbers that satisfy the inequality:

|t —3|—1> |z —1|

If x <1,
3—z—1>1—2x=—2>1=— always true
If1<z<3, 3
3—x—1>x—1=>x<§
If x> 3,

z—3—-1>2—1= —4> -1 = false

x € —oo§
2

Thus, the solution is:
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Equations and inequalities with absolute values — example 14

Question
Find the set of all real numbers that satisfy the equation:

|4 —2z| + |3+ x| =6.

Determine P.

If v < -3
4—2x—3—x:6:>x:—g (not valid)
If -3<x<?2
4—-2x+3+2x=6=x=1 (valid)
Ifz>2

20 —4+3+2r=060= 2= (valid)

{131
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Equations with absolute values — example 15

Question
Find the set of all real numbers that satisfy the equation:

4 —-3z|+ |3+ =T

Ifz < -3 5
4—3:U—3—:r:7:>a::—§ (not valid)
If -3<az<3
4—-3x+3+x=7=2=0 (valid)
4

3r—4+3+x=7=x=2 (valid)

Thus, the solution set is:

{0,2}
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Equations with absolute values — example 16

Question
Find the set of all real numbers that satisfy the equation:

|1 —3z|+[3+ 2| =4

Ifzx < -3 5
1—3x—3—x:4:>:1::—§ (invalid)
If -3<a2<i
1-3z+3+2x=4=2=0 (valid)
If > %

(valid)

N =

3r—14+3+x=4— x =

i

Thus, the solution set is:
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Equations with absolute values — example 17

Question

Find the set of all real numbers that satisfy the equation:

1-3z|+4+2|=T7.

If x < —4 .
1—3:1:—4—:5:7:1::—5 (invalid)
If—4<z<3i
1-3z+44+2=T=2=-1 (valid)
Ifz > %

3r—14+4+2x=7=2x=1 (valid)

Thus, the solution set is:

{_17 1}
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8. Logarithmic equations and inequalities
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Logarithmic equations and inequalities — example 1

Question

Solve
loga z + 2logy V& — 2 =0,

where z € R.
Let y = logy z, then
2 ].
Yy +y—2:O:>y:—2,1=>93:17 2
The logarithm log, x and log, v/« are defined when:
z>0
Both values are valid solutions.
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Logarithmic equations and inequalities — example 2

Question

Solve
log (47 — 3) + log; (47 — 1) = 1,
where z € R.
Let y = 47, then
logz(y —3) +logz(y —1) =1= (y=3)(y—1) =3 =y =04
We have
=1

For the original expression to be defined, both logarithmic terms must have positive
arguments:

4" —-3>0=4">3 = 2 > log, 3~ 0.792

4" —-1>0=4">1=2>0

x = 1 is a valid solution.
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Logarithmic equations and inequalities — example 3

Question
Find all natural numbers that satisfy the following inequality

log?y x — 3logx + 3 <

1
logigz —1

Let y = log,g x, then

2

-3 3
%<1:>y<1:>m<10
y—

We have
r=1,2,3,4,5,6,7,8,9

Domain constraint: « > 0, x # 10
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Logarithmic equations and inequalities — example 4

Question
Find all integers that satisfy the following inequality

logi (14 2z) > —1
2

Note that )
1\ ! 1
14+ 2z > 3 :>1+21:<2:>x<§
Thus
z=0
Verify the domain constraints:
1+0>0

z = 0 is a valid solution.
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Logarithmic equations and inequalities — example 5

Question

Solve
logs (7 + 10logy(z + 1)) = 3,

where z € R.

7T+10logy(z4+1) =27 = 2 +1=4=—2=3

Verify the domain constraints:
3+1>0

7+ 10logy(34+1)=27>0

x = 3 is a valid solution.
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Logarithmic equations and inequalities — example 6

Question

Solve
log, (6 + 5logs(z + 2)) = 2,

where z € R.

6+5logg(z+2)=16=a0+2=3"=2="7

Verify the domain constraints:
T+2>0

6+ 5logy(7+2) =16 > 0

x = 7 is a valid solution.
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Logarithmic equations and inequalities — example 7

Question

Solve
logs (9 + 4logy(z +4)) = 2,

where z € R.

9+4dlogy(z+4) =25 =2 +4=2'—= 2 =12

Verify the domain constraints:
124+4>0

9+4logy(12+4) =25>0

xr = 12 is a valid solution.
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Logarithmic equations and inequalities — example 8

Question

Solve
logs (7 + 10logs(z + 1)) = 3,

where z € R.

7+10logs(z+1) =27 =2+ 1 =5 =z = 24

Verify the domain constraints:
244+1>0

7+ 10logs(244+1) >0

xr = 24 is a valid solution.
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Logarithmic equations and inequalities — example 9

Question
Solve

4
logs(4” — 3) — logs <4m = 3> =1,

where z € R.

4% -3 = 3x(4‘”—§>:3x4m—4
2x4" =1
r = —
Verify the domain constraints:
47 >3 =z > log,(3) ~ 0.792, 4% > g =z > log, <§) ~ 0.207

Thus there is no real solution to this equation.
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Logarithmic equations and inequalities — example 10

Question
Solve
logs (4" +1) —logs (4 —2x4%) =0

where z € R.

4 +1 = 4—-2x4*
3x4™ = 3
r = 0

logs (4% 4 1) is defined for all real x

1
4—2x4x>0:>x<10g4(2):§

Solution z = 0 is valid.
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Logarithmic equations and inequalities — example 11

Question

Solve )
log,(3* — 1) — 5 logy(5—3%) =0

where z € R.

logy(3* —1) 1
log, 4 2 5 — 3%
3 -1

5— 37

l—2z=1

Verify the domain constraints:
3¥-1>0=2>0

5—-3">0= 1z <logs(h) ~ 1.46

Solution z = 1 is valid.

. 3¢ 1
— —logy (5 —3%) = 0 = log, =0
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Logarithmic equations and inequalities — example 12

Question

Solve
logs (3"1! —2 x 3" —2) = 2,

where z € R.

37+l 92 %37 —2 =25

Let y = 3%, then
Jy—2y—2=20—y=2"T—2x=3

We must ensure the argument of the logarithm is positive:

3P _2%x33-2=81-54—-2=25>0

the domain condition is satisfied.
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Logarithmic equations and inequalities — example 13

Question

Solve
log, (2 +logy(z +2)) =1,

where z € R.

2+logy(r+2)=4=2=2

Domain constraints:
242>0, 2+logy(24+2)>0

Both conditions are satisfied for z = 2.
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Logarithmic equations and inequalities — example 14

Question

Solve
logy(3x — 8) < 2

where z € Z.

3r—8<4—=x<4

Domain of the logarithm
8
3x—8>0=>x>§:>x23

Thusxz =3, 4
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Logarithmic equations and inequalities — example 15

Question

Solve
logy(1+2z) < 1,

where z € Z.

1
1+2x<2:>:r;<§:>x§()
Domain of the logarithm
1
1+2x>0:>x>—§:>x20

Thusz =0
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9. Exponential equations and inequalities
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Exponential equations and inequalities — example 1

Question

Solve
21:—1 + 2:0—2 + 296—3 — 448,

where z € R.
Let y = 2773, then

y+2y+y=448—y=64—=2x=9
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Exponential equations and inequalities — example 2

Question
Solve

where z € R.

Let y = 3%, then
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Exponential equations and inequalities — example 3

Question

Solve ) )
1 qxti 2z—1
4% — 372 =32 — 297

where z € R.
Let y = 37=2 and z = 2221 then

2% —y =38y —z=>dy=32=>3""2 x4 =3 x 2201 — gv-3 = 923
We have

x—g:2x—3:02>x:g
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Exponential equations and inequalities — example 4

Question
Solve

where z € N.
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Exponential equations and inequalities — example 5

Question

Solve
2T _ 4 x4 1> g1 952

where x € R.
Let y = 272, then

1 1 1
4y—16y2>1—y:>1—6<y<12>—2<x<0
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Exponential equations and inequalities — example 6

Question
Solve
9x2+5x+3 > 3x2 +4x—2

where z € R.

2(w2+5x—|—3)2x2+4x—2:>m§—4orm2—2
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Exponential equations and inequalities — example 7

Question
Solve
4:1:2+5:r+4 < 2x2+2:c—7

where x € Z.

2zl +5x+4)<a’+2—-7T— 5<zr<-3=—z=-5-4,-3
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Exponential equations and inequalities — example 8

Question
Solve
4x2+3:c—4 _ 16x2+4x+1

where z € Z.

43z -4=244r+1) =2 =-3, -2
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Exponential equations and inequalities — example 9

Question
Solve
6x2+4:c—2 < 36x2+5x+3

where z € R.

2?44 —2<223+52+3) =< -4, x> -2
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Exponential equations and inequalities — example 10

Question
Solve
25w2 +4x+1 < 5a:2+3x—4

where z € R.

202’ +4r+1) <2’ +3zx-4— -3<2< -2
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Exponential equations and inequalities — example 11

Question
Solve

where z € R.
Let y = 2773, then

295—1 . 21:—2 + 2:0—3 — 96

dy—2y+y=96—=y =32 = x =38
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Exponential equations and inequalities — example 12

Question
Solve
93172 +4z+1 > 3x2+6:c+1

where z € R.

2@t +4r +1) > 462+ 1= (z+ 1) >0=2 # —1
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Exponential equations and inequalities — example 13

Question
Solve
9w2—2x+1 < 3a:2—z

where z € R.

22t —2r+ 1) <P —r=—=1<x<?2
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Exponential equations and inequalities — example 14

Question
Solve
3$2—4CE‘+3 < 1

where z € R.

P —4dr+3<0=1<z<3
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Exponential equations and inequalities — example 15

Question

Solve
37—l _ g7+l 4 3% — _405

where z € R.

Let y = 3v~1
y—9y+3y=—-406—y=81=—=2x =5
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Exponential equations and inequalities — example 16

Question
Solve

where z € R.

2 —4r+2> 2=—2#2
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Exponential equations and inequalities — example 17

Question
Solve

where z € R.

2 —dr<0=0<x<4
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10. Trigonometric equations
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Trigonometric equations — example 1

Question
Solve
cos(2z) = cos?(2x),
where
c T 8T
x ——,— ).
4’ 5
9 T km
cos”(2x) — cos(2x) =0 = cos(2z) = 0,1 =z = 1 + TR kr, keZ
z =0, :tz ST 7

4 4
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Trigonometric equations — example 2

Question
Solve "
sin(z) cos(x) cos(2z) = =5
where z € R.
1 1
3 sin(2z) cos(2x) = D)
1
5 sin(dz) = -1
sin(dz) = -2
no solution
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Question
Solve

where

Finally,

Trigonometric equations — example 3

sin(5x) — sin(3z) = 0,

ze (-Z.m)
4,7r .

5 — 3 ) 3
251n< e a:) cos( Tt x) =0 = 2sin(z) cos(4x) =0

2 2
. T km
sin(z) = 0 or cos(4z) =0 = = = km, or§+z,k‘€Z
T T 3moom o Tm
TR TR 8RR
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Trigonometric equations — example 4

Question

Solve
(sin(z) — cos(x))? = sin(2x)

e (1T lim
v 1212 )

where

1 — 2sin(x) cos(z) = sin(2z) = 1 — sin(2z) = sin(2z) = sin(2z) = -

5 m mw™ 5w
- 7, _ a9
12+/<:7r, 2+k7r kel —x 12° 13’ 19
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Trigonometric equations — example 5

Question
Solve
cos(bx) = cos(3z)
where
S [—z 7r>
4’/
5 — 3
cos(bx) — cos(3z) = —2sin ( ) ( z x> = —2sin(4x) sin(z) =0
. km
sin(x) =0 or sin(4z) =0 = = = knr T kelZ
T 0 T om 3w
T = oono2r
4’7 47 27 4
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Trigonometric equations — example 6

Question
Solve
(sin(x) — cos(x))? = cos(2z)
where x € (—m, 7.
sin?(z) + cos?(x) — 2sin(z) cos(z) = cos?(z) — sin’(x)
2sin®(z) — 2sin(x) cos(z) = 0
sin(z)(sin(z) — cos(z)) = 0

sin(x) = 0 or sin(z) = cos(x) = = = km, % +km, kel

Sl T
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Trigonometric equations — example 7

Question

Solve
sin(2z) — sin?(2z) = 0

ve (-2,
4’ 5 |’

where

k
sin(2z)(1 —sin(2z)) = 0 = sin(2z) = 0,1 =z = %, %4— kr, ke Z
_o T om 3w
T = Y 47 2’ Tr’ 47 2
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Trigonometric equations — example 8

Question
Solve

sin(z) cos(x) sin(2z) =

S

where z € R.

>

1
—sin?(2z) =

P

sin(2z) = 43

1
Since 31 > 1, no solutions exist.
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Trigonometric equations — example 9

Question

Solve
sin(5z) — sin(z) = 0,

ze|-T)
4,7r .

2 cos (5x+x> sin <5$_m> = 0
2 2
2cos(3x)sin(2z) = 0

z+k:77rork?7r7 where k € Z
5

where

cos(3z) =0 or sin(2zx)=0= 2z =
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Trigonometric equations — example 10

Question

Solve
sin(z) — sin(2z) = 0,

where z € [0, 7).

3z\ . [—=x 3z . (=
2 cos <2> sin <2> = —2cos <2> sin (5) =0

2
COS<3;):00r Sin(g):():x:g+?or2lm, where k € Z.

s
=0, =
x ,3
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Trigonometric equations — example 11

Question

Solve
cos®(x) 4 2sin(x) = 0,

where = € [0, 7).

1 —sin®(x) 4 2sin(z) = 0
sin?(z) — 2sin(z) —1 = 0
(sin(z) —1)? = 2
sin(z) =1 +£v2
No solutions exist.
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Trigonometric equations — example 12

Question

Solve
cos?(2z) + 2sin(2x) = 0,

where z € (0, 7).

1 —sin?(2z) + 2sin(2z) =
sin?(2x) — 2sin(2z) — 1
(sin(2z) — 1) =

sin(2z) =14+ v2
No solutions exist.
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Trigonometric equations — example 13

Question
Solve
sin(2x) — cos(x) = 0,
where )
™
€ |0,—=—|.
<o)
sin(2z) = cos(x)
2sin(z) cos(x) = cos(x)
1 5
cos(xz) = 0 or sin(z) = ;== g + km, or % + 2k, % + 2km where k € Z
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Trigonometric equations — example 14

Question

Solve
sin(x) — cos(2z) = 0,

where z € [0, ).

cos(2x) = 1 — 2sin?(z) = sin(z) = 1 — 2sin?(z) = 2sin*(x) +sin(z) —1 =0

. —1+vV12+8 —1+3 . 1
sin(x) = = = sin(z) = =, —1
4 4 2
T %8 s 3
r=—+42kw, — +2kmor — — 4+ 2kmw, — + 2kw where k € Z
6 6 2 2
T o7
r=—=, —
6’ 6
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Trigonometric equations — example 15

Question

Solve
sin(x) + cos(2z) = 0,

where z € [0, ).

sin(z) + 1 — 2sin?(z) = 0 = 2sin?(z) — sin(z) — 1 =0

_1+y1+48 143
- 4 4

sin(x) = sin(z) =1, —

2

7
x:g—i—%wor —%—1—2]{:%, g+2k7rwherek:EZ

T
x ==
2
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